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The support of a digraph is the undirected graph arising when directions of edges are ignored. 
We prove that recognizing supports of line digraphs of digraphs is an NP-complete problem. 
Then we observe that solvable cases of the directed max-cut problem arise from solvable cases 
of the maximum-weight stable set problem via supports of line digraphs; in particular, we in- 
vestigate digraphs G such that the support of the line digraph of G is perfect. 
1. Line digraphs and their supports 
By a digraph, we mean a directed graph with no loops and multiple edges: 
formally, a digraph is an ordered pair (V, I!?) such that V is a set and 
Ec {(x,Y): X,Y~ L’, xiy}. 
When G denotes a digraph (V,E), we write V(G) = I/ and E(G)= E; as usual, 
elements of I/ are called vertices of G and elements of E are called edges of G; when 
e denotes an edge (x,y), we write x= t(e) and y= h(e). 
The line digraph of a digraph G is defined as the digraph H with V(H) = E(G) and 
E(H) = {(e,f): e,f~E(G), h(e) = t(f)}. 
Beineke [l] proved that a digraph His the line digraph of a digraph if and only if 
(i) for every choice of edges a, b, c of H such that t(a) = t(b) and h(b) = h(c) there 
is an edge d of H such that t(d) = t(c) and h(d) = h(a), and 
(ii) there are no distinct edges a, b, c, d of H such that t(a) = t(c), h(b) = h(d), 
h(a) = t(b), h(c) = t(d). 
[Note that (i) with t(c) = h(a) implies that there are no vertices ul, vz, u3 of H 
with (ut, u,), (ox, u3), (u,, u3) E E(H). Similarly (ii) with t(a) = h(b) implies that there 
are no vertices ur, u2, u3 of H with (01, u2), (~2, VI), (4, ~3)~ (u3, 4) eE(M.1 
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By a graph, we mean an undirected graph with no loops and multiple edges: 
formally, a graph is an ordered pair (V,E) such that I/ is a set and 
EC {S: SC V, ISI =2}. 
Again, when G denotes a graph (I/E), we write V(G) = V and E(G) = E; again, 
elements of I/ are called vertices of G and elements of E are called edges of G. 
By the support of a digraph G, we mean the graph F with V(F)= V(G) and 
E(F) = {{x, u>: (x> Y) E E(G)]. 
Beineke’s theorem provides a polynomial-time algorithm for recognizing line 
digraphs; we are about to suggest hat recognizing supports of line digraphs is 
difficult. 
Theorem I. The problem of recognizing supports of line digraphs of digraphs is 
W-complete. 
Proof. A 3-graph is an ordered pair (V,E) such that V is a set and E is a set of 
three-point subsets of I/; the elements of I/ are called vertices of the 3-graph and 
the elements of E are called edges of the 3-graph. A 3-graph is called two-colorable 
if its vertices can be colored red and white in such a way that each edge includes 
at least one red vertex and at least one white vertex. Lo&z [8] proved that the 
problem of recognizing two-colorable 3-graphs is NP-complete. Hence we only need 
design a polynomial-time transformation of an arbitrary 3-graph H into an 
undirected graph G such that G is the support of a line digraph if and only if H is 
two-colorable. 
The transformation goes as follows: First, enumerate the edges of H as 
for each j= 1,2, . . . . m, take the graph consisting of a pentagon Uj uj YjSj tj Uj along 
with a vertex rj’ adjacent to rj, a vertex sj adjacent to Sj, and a vertex tj adjacent 
to tj (for illustration, see Fig. 1). 
Next, for each vertex w of H, take the graph consisting of a path dAdi...d$mm+3 
along with vertices a; bh cl (i = 1,2, . . . , 2m) such that each ck is adjacent to bh, dz, 
“j U. 3 
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Fig. 1. 
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d3i+1 and each 6; is adjacent to ai. w (For illustration with m = 2, see Fig. 2.) 
Finally, for each i= 1,2, . . . , m and for each vertex w of H, do the following: 
if xi= w, then identify 6: with r;, and identify a$ with ri; 
if yi= w, then identify 6E-l with .s;, and identify a$-’ with Si; 
if q= w, then identify bz with t:, and identify at with ti. 
We claim that the resulting graph G is the support of a line digraph if and only if 
H is two-colorable. 
To justify this claim, suppose first that G is the support of a line digraph F. With 
help of Beineke’s theorem, it is easy to establish the following two facts: 
(a) For each vertex w of H, we have either (a;, b;) EE(F) if and only if i is odd 
and (b:, ai) E E(F) if and only if i is even, or else (a;, bfJ E E(F) if and only if i is 
even and (bk, a:) E E(F) if and only if i is odd. 
(b) For each i= 1,2, . . . . IYZ, at least one of (r;, Ti), (si,Sl), (tl, ti) lies outside E(F) 
and at least one of (I;, r,!), ($,.s;), (tip t,!) lies outside E(F). 
Now color w red if (a:, b$) E E(F); else color w white. By (a) and (b), each edge of 
H includes at least one red vertex and at least one white vertex. 
Conversely, suppose that the vertices of H are colored red and white in such a 
way that each edge of H includes at least one red vertex and at least one white vertex. 
We only need find a directed graph F with properties (i) and (ii) of Beineke’s 
theorem such that G is the support of F. For this purpose, let E(F) include 
l all (a;, b;) such that w is red and i is odd, 
l all (bi,ai) such that w is red and i is even, 
l all (a;, bh) such that w is white and i is even, 
l all (b;, ai) such that w is white and i is odd. 
The rest is routine. 0 
A digraph is called oriented if, for every two of its vertices x and y, at most one 
of (x,-v), (y,x) is an edge. Benzaken, Hammer and Simeone [2] called the support 
of the line digraph of an oriented graph G the adjoint of G and observed that a 
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graph is the adjoint of some oriented graph G if and only if it is quadraticprimitive 
mixed. 
Theorem 2. The problem of recognizing quadratic primitive mixed graphs is 
NP-complete. 
Proof. Nearly identical with the proof of Theorem 1: we only need make the 
additional observations that the directed graph F constructed towards the end is 
oriented and that every directed graph with an oriented line digraph is oriented. 0 
Theorem 2 can be considered a companion to theorems of Crama and Hammer 
[3] stating that the problem of recognizing quadratic primitive graphs and the 
problem of recognizing partition-quadratic graphs are NP-complete. 
2. The directed max-cut problem 
Our interest in supports of line digraphs originated from the role of these graphs 
in the max-cut problem and its generalization, the directed max-cut problem. A cut 
in a directed graph G is any set (A xB) n E(G) such that A, B are disjoint sets with 
A U B = V(G). The directed max-cut problem goes as follows: given a directed graph 
G along with an assignment of positive integers w(e) to edges e of G, find a cut S 
in G that maximizes C (w(e): eE S). What is commonly meant by the max-cut 
problem is the directed max-cut problem with G symmetric (that is, (x, y) E E(G) if 
and only if (y,x)sE(G) and w((x,y))= w((y,x)) whenever (x,~)EE(G)): to put 
it simply, the input is a graph H with an assignment of positive integers w(e) to its 
edges e and the objective is to find a partition of V(H) into nonempty sets A, B that 
maximizes C (w(e): efl A #PI, efl B#O). The max-cut problem is notoriously 
difficult: its decision version is NP-complete even when w is restricted to a constant 
function (Garey and Johnson [5]). 
A set of pairwise nonadjacent vertices in a graph is called stable. Trivially, each 
cut in a digraph G is a stable set in the support F of the line digraph of G; 
conversely, it is easy to see that each maximal (with respect to set-inclusion) stable 
set in F is a cut in G. Hence the directed max-cut problem amounts to the problem 
of finding a maximum-weight stable set in another graph. (This reduction can be 
seen as a special case of the reduction described by Benzaken, Hammer and Simeone 
[2]: the directed max-cut problem in G can be formulated as the problem of 
maximizing a quadratic pseudo-Boolean form whose conflict graph is F.) 
An immediate corollary of this observation goes as follows. Let E? be a class of 
digraphs and let FZ* be a class of graphs. If the supports of the line digraphs of 
graphs from E? belong to VZ* and if maximum-weight stable sets in graphs from g* 
can be found in polynomial time, then the directed max-cut problem with G E B can 
be solved in polynomial time. 
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For example, consider the class of perfect graphs. These were defined by Berge 
as graphs F such that, for each induced subgraph H of F, the chromatic number 
of H equals the largest number of pairwise adjacent vertices in H. This class 
is a suitable candidate for g*: Grotschel, Lovasz and Schrijver [6] designed a 
polynomial-time algorithm for finding maximum-weight stable sets in perfect 
graphs. Thus we are led to the problem of recognizing digraphs G such that the 
support of the line digraph of G is perfect. Since no polynomial-time algorithm 
for recognizing perfect graphs is known, this problem is not a priori trivial. 
Nevertheless, supports F of line digraphs are special: it is easy to verify that 
each subgraph of F with four vertices has at most four edges. (1) 
A polynomial-time algorithm for recognizing perfect graphs F with property (1) has 
been designed by Fonlupt and Zemirline [4]. 
Our findings can be summarized as follows: 
Observation 1. Let E? denote the class of digraphs G such that the support of the 
line digraph of G is perfect. There are a polynomial-time algorithm for recognizing 
members of ~7 and a polynomial-time algorithm for solving the directed max-cut 
problem with G E %. 
In conclusion, let us point out that Observation 1 does not say much about the 
max-cut problem: if G is a symmetric digraph such that the support F of the line 
digraph of G is perfect, then G contains neither a cycle of length 2k+ 1 with kz 2 
(otherwise F would contain a chordless cycle of length 2k+ 1) nor the digraph with 
vertices a, b, c, d, e and edges (a, b), (6, c), (c,d), (d, e), (b,d) (otherwise F would 
contain a chordless cycle of length five). Now it is a routine matter to derive the 
following conclusion. 
Observation 2. Let G be a symmetric digraph and let H be the support of G. If the 
support of the line digraph of G is perfect, then each 2-connected component of H 
is bipartite or has at most four vertices. 
Grotschel and Pulleyblank [7] designed a polynomial-time algorithm for solving 
the max-cut problem with H restricted to the class of so-called weakly bipartite 
graphs. This class includes all graphs H such that each 2-connected component of 
His bipartite or planar. Hence Observation 2 shows that the support of a symmetric 
digraph G is weakly bipartite whenever the support of the line digraph of G is perfect. 
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